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Abstract
In this paper, we prove the irrationality of a family of infinite products using a technique sim-

ilar to that seen in Fourier’s proof of the irrationality of e. We also derive several consequences
of the main result, the final one recovering Euler’s pentagonal number theorem through an alge-
braic telescoping argument which naturally demonstrates why the Pentagonal numbers emerge as
consecutive sums in the exponent.

Introduction
What is the simplest way to prove the irrationality of the infinite product

0.8 · 0.98 · 0.998 · 0.9998 · · ·?

In [1], Fourier proved the irrationality of e. In this paper, we use a similar argument to provide an
alternative proof of the irrationality of a range of numbers expressed as infinite products.

Theorem 1. Let A ∈ Z with |A| > 1, and let r = s
t ∈ Q with r ̸= 0, r ̸= −Ak for all k ∈ Z>0, and

s, t ∈ Z with s
t being in lowest terms. Suppose that |s| < |A|. Then

DA :=

∞∏
n=1

(
1 +

r

An

)
, (1)

is irrational.

Although the approach presented in this paper is technically involved, the proof is conceptually
straightforward, with the nontechnical parts contained almost entirely on the page following Eq. (12).
Fourier’s approach to proving the irrationality of e is well known and accessible, and this paper demon-
strates that it can be adapted to a family of infinite products using only classical mathematical tech-
niques.

Lotosky first proved a partial result for a related problem in 1943 [2]. The problem in full was
originally proven by Bundschuh in 1969 [3], using properties of such infinite products as functional
equations and analyzing their behavior. Here, we provide an alternative proof using a method analogous
to Fourier’s proof of the irrationality of e. Lemmas 2 and 3 show, more generally, how infinite products
of this form can be rewritten as infinite sums, and Lemma 4 gives a more compact expression in the
case of infinite products of the form above. This is used to show that the denominators of the terms
grow too quickly for the expression to take a rational value, with the core mechanism of the proof
following directly from (12), as noted above.

The question posed in the title of this paper is answered in Example 6 using the same method as
the main result, thereby compactly illustrating the argument in less than a page.

We additionally provide three propositions following from the main result. The last proposition
recovers Euler’s pentagonal number theorem, whose best-known proof is the combinatorial proof by
Franklin [4]. Although our approach is classical and shares similarity with Euler’s original proof [5],
the distinctive feature of this presentation is that each telescoping step can effectively be viewed as
exchanging a qn − 1 factor from all denominators of an initial infinite sum representation for a power
of q, from where the pentagonal numbers naturally accumulate. This is illustrated in Remark 11.
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Outline of the Paper

Preliminary Results
Lemma 2. Let n ≥ 1, and let {sj}1≤j≤n ⊂ R. The following equation holds:

n∏
i=1

(1 + si) = 1 +

n∑
i=1

∑
1≤j1<···<ji≤n

sj1 · · · sji . (2)

Proof. We will proceed by induction. The case n = 1 is trivial.
(Inductive step) Assume that Eq. (2) holds for n, and consider n+ 1. It follows that

n+1∏
i=1

(1 + si) =

1 +

n∑
i=1

 ∑
1≤j1<···<ji≤n

sj1 · · · sji

 (1 + sn+1)

= 1 +

n∑
i=1

 ∑
1≤j1<···<ji≤n

sj1 . . . sji

+ sn+1 + sn+1

n∑
i=1

 ∑
1≤j1<···<ji≤n

sj1 . . . sji


= 1 +

n+1∑
i=1

 ∑
1≤j1<···<ji≤n+1

sj1 · · · sji

 .

As the base and the inductive step hold, Lemma 2 follows.

Lemma 3. Consider an infinite set {sj}j∈N ⊂ R, and suppose that
∞∑
i=1

si is absolutely convergent.

Then the following identity holds:

∞∏
i=1

(1 + si) = 1 +

∞∑
i=1

∑
1≤j1<···<ji

sj1 · · · sji .

Proof. Since
∑∞

i=1 |si| < ∞, we have:

∞∑
i=1

log(1 + |si|) ≤
∞∑
i=1

|si| =: C.

If si = −1 for any si, then the infinite product converges trivially. Else for all n ∈ Z>0,

log

∣∣∣∣∣
n∏

i=1

(1 + si)

∣∣∣∣∣ ≤ log
n∏

i=1

(1 + |si|) =
n∑

i=1

log(1 + |si|) ≤ C.

Thus, the infinite product converges absolutely. Consequently,

1 +

∞∑
i=1

∑
1≤j1<···<ji

|sj1 · · · sji | =
∞∏
i=1

(1 + |si|) < ∞.

Therefore, the elementary symmetric product is absolutely convergent, and taking the limit in Lemma
2 as n → ∞ is justified.

Lemma 4. For A, r ∈ R where |A| > 1, the following holds:

DA =

∞∑
n=0

rn ·
n∏

m=1

(Am − 1)−1. (3)
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Proof. It suffices to show that
∞∏

n=1

(
1 +

r

An

)
=

∞∑
n=0

rn ·
n∏

m=1

(Am − 1)−1.

First, observe
∞∑

n=1

∣∣∣ r

An

∣∣∣ = |r|
|A| − 1

is absolutely convergent, hence Lemma 3 applies. Set S = {r · A−j}j∈N. By Lemma 3 we rewrite the
right-hand side of Eq. (3) as:

∞∏
n=1

(
1 +

r

An

)
= 1 +

∞∑
n=1

rn
∑

1≤j1<···<jn

A−j1 · · ·A−jn

 . (4)

Therefore, it is enough to show that the following identity holds for all n ∈ N.∑
1≤j1<···<jn

A−j1 · · ·A−jn =

n∏
m=1

(Am − 1)−1. (5)

We will proceed by induction on n.
(Base step) For n = 1, Eq. (5) reduces to∑

1≤j

A−j =
1

A− 1
=

1∏
m=1

(Am − 1)−1.

(Inductive step) assume that the formula holds for n; that is,∑
1≤j1<···<jn

A−j1 · · ·A−jn =

n∏
m=1

(Am − 1)−1. (6)

(Inductive case n+ 1) For k ≥ 1, we consider the term∑
k=j1<···<jn+1

A−j1 · · ·A−jn+1 .

It follows that∑
1≤j1<···<jn+1

A−j1 · · ·A−jn+1 =

∞∑
k=1

A−k ·

 ∑
k+1≤j2<···<jn+1

A−j2 · · ·A−jn+1

 . (7)

We factor out A−kn, since each term in the nested sum in Eq. (7) contains the factor A−nk. We
then relabel the indices to obtain

∞∑
k=1

A−(n+1)k

 ∑
1≤j1<···<jn

A−j1 · · ·A−jn

 .

Substituting from Eq. (6), we obtain
∞∑
k=1

(
A−(n+1)k ·

n∏
m=1

(Am − 1)−1

)
=

∞∑
k=1

(
A−(n+1)k

)
·

n∏
m=1

(Am − 1)−1

=
(
An+1 − 1

)−1 ·
n∏

m=1

(Am − 1)−1 =

n+1∏
m=1

(Am − 1)−1.

Which proves the inductive step for Eq. (6).
Using Eq. (5), we rewrite Eq. (4) as follows:

∞∏
n=1

(
1 +

r

An

)
=

∞∑
n=0

rn ·
n∏

m=1

(Am − 1)−1,

where we use the convention that
0∏

m=1
(Am − 1)−1 = 1
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Main Proof
Proof of Theorem 1. Let DA be given by Eq. (1) for some A ∈ Z where |A| > 1, and r = s

t ∈ Q\{0}.
Let us assume that |s| < |A| and −Ak ̸= s

t for s, t ∈ Z in lowest terms and k ∈ Z>0. Given any fixed
positive integer a, there exists a positive integer n′, such that for all n ≥ n′ the following identities
hold: ∣∣∣An − 1

sn

∣∣∣ > a+ 1 and |An − 1| > a+ 1. (8)

Indeed, both
∣∣∣An−1

sn

∣∣∣ and
∣∣An − 1

∣∣ strictly increase without bound. We first establish the following
estimate:∣∣∣∣∣

∞∑
n=n′

sn

tn−n′ ·
n∏

m=1

(Am − 1)−1

∣∣∣∣∣ ≤
∞∑

n=n′

∣∣∣∣∣ sn

tn−n′ ·
n∏

m=1

(Am − 1)−1

∣∣∣∣∣
=

∣∣∣∣∣∣
n′−1∏
m=1

(Am − 1)−1

∣∣∣∣∣∣ ·
∞∑

n=n′

∣∣∣∣∣ sn

tn−n′ ·
n∏

m=n′

(Am − 1)−1

∣∣∣∣∣
=

∣∣∣∣∣∣
n′−1∏
m=1

(Am − 1)−1

∣∣∣∣∣∣ ·
∞∑

n=n′

∣∣∣∣∣
(
tn−n′

· A
n − 1

sn

)−1

·
n−1∏
m=n′

(Am − 1)−1

∣∣∣∣∣ .
For n ≥ n′, Eq. (8) gives

∣∣∣tn−n′ An−1
sn

∣∣∣ > a+ 1. Combining this with the second inequality in Eq. (8),
we obtain∣∣∣∣∣

∞∑
n=n′

sn

tn−n′ ·
n∏

m=1

(Am − 1)−1

∣∣∣∣∣ <
∣∣∣∣∣∣
n′−1∏
m=1

(Am − 1)−1

∣∣∣∣∣∣ ·
∞∑

n=n′

∣∣∣∣∣(a+ 1)−1 ·
n−1∏
m=n′

(a+ 1)−1

∣∣∣∣∣
=

∣∣∣∣∣∣
n′−1∏
m=1

(Am − 1)−1

∣∣∣∣∣∣ ·
∞∑

n=1

∣∣∣∣∣
n∏

m=1

(a+ 1)−1

∣∣∣∣∣
=

∣∣∣∣∣∣
n′−1∏
m=1

(Am − 1)−1 ·
∞∑

n=1

(a+ 1)−n

∣∣∣∣∣∣ =
∣∣∣∣∣∣1a ·

n′−1∏
m=1

(Am − 1)−1

∣∣∣∣∣∣ .
(9)

Similarly, we establish a second estimate:∣∣∣∣∣
∞∑

n=n′

rn
n∏

m=1

(Am − 1)−1

∣∣∣∣∣ ≥
∣∣∣∣∣∣rn′

n′∏
m=1

(Am − 1)−1

∣∣∣∣∣∣−
∞∑

n=n′

∣∣∣∣∣rn+1
n+1∏
m=1

(Am − 1)−1

∣∣∣∣∣
=

∣∣∣∣∣∣rn′
n′∏

m=1

(Am − 1)−1

∣∣∣∣∣∣−
∣∣∣∣∣∣rn′

n′∏
m=1

(Am − 1)−1

∣∣∣∣∣∣ ·
∞∑

n=n′

∣∣∣∣∣rn−n′+1
n+1∏
m=n′

(Am − 1)−1

∣∣∣∣∣
=

∣∣∣∣∣∣rn′
n′∏

m=1

(Am − 1)−1

∣∣∣∣∣∣−
∣∣∣∣∣∣rn′

n′∏
m=1

(Am − 1)−1

∣∣∣∣∣∣ ·
∞∑

n=n′

∣∣∣∣∣
(
An+1 − 1

rn−n′+1

)−1 n∏
m=n′

(Am − 1)−1

∣∣∣∣∣ .
(10)
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Using n ≥ n′ and as
∣∣∣An+1−1
rn−n′+1

∣∣∣ = ∣∣∣tn−n′+1An+1−1
sn−n′+1

∣∣∣ > ∣∣∣tn−n′ An−1
sn

∣∣∣ > a + 1, and also using the second
inequality from Eq. (8), it follows that∣∣∣∣∣

∞∑
n=n′

rn
n∏

m=1

(Am − 1)−1

∣∣∣∣∣ >
∣∣∣∣∣∣rn′

n′∏
m=1

(Am − 1)−1

∣∣∣∣∣∣−
∣∣∣∣∣∣rn′

n′∏
m=1

(Am − 1)−1

∣∣∣∣∣∣ ·
∞∑

n=n′

∣∣∣∣∣(a+ 1)−1
n∏

m=n′

(a+ 1)−1

∣∣∣∣∣
=

∣∣∣∣∣∣rn′
n′∏

m=1

(Am − 1)−1

∣∣∣∣∣∣−
∣∣∣∣∣∣rn′

n′∏
m=1

(Am − 1)−1

∣∣∣∣∣∣ ·
∞∑

n=1

(a+ 1)−n

≥

∣∣∣∣∣∣rn′
n′∏

m=1

(Am − 1)−1

∣∣∣∣∣∣−
∣∣∣∣∣∣rn′

n′∏
m=1

(Am − 1)−1

∣∣∣∣∣∣ ·
∞∑

n=1

1

2n
= 0.

(11)

We express DA in the form:

DA =

∞∑
n=0

rn ·
n∏

m=1

(Am − 1)−1 = P + C, (12)

where

P :=

n′−1∑
n=0

rn ·
n∏

m=1

(Am − 1)−1, and C :=

∞∑
n=n′

rn ·
n∏

m=1

(Am − 1)−1.

We will proceed by contradiction. Assume that DA is a rational number. Hence a · DA = b for
some positive integer a and some integer b. Note that C must be non-zero as shown in Eq. (11). Then,
we proceed with the following simplifications:

a · (P + C) = b,

a · tn
′
·
n′−1∏
m=1

(Am − 1) · (P + C) = b · tn
′
·
n′−1∏
m=1

(Am − 1)

a ·
n′−1∑
n=0

sntn
′−n ·

n′−1∏
m=n+1

(Am − 1)

+ a · tn
′
· C ·

n′−1∏
m=1

(Am − 1) = b · tn
′
·
n′−1∏
m=1

(Am − 1).

Here,

z1 := a ·
n′−1∑
n=0

sntn
′−n ·

n′−1∏
m=n+1

(Am − 1)

 , and z2 := b · tn
′
·
n′−1∏
m=1

(Am − 1).

are integers, since they are finite sums and products of integers. Thus,

a · tn
′
· C ·

n′−1∏
m=1

(Am − 1) = z2 − z1. (13)

The right-hand side is an integer, since the integers are closed under subtraction. By definition of C:

tn
′
· C =

∞∑
n=n′

sn

tn−n′ ·
n∏

m=1

(Am − 1)−1.

Since t ̸= 0, Eqs. (11) and (9) imply that

0 <
∣∣∣tn′

· C
∣∣∣ <

∣∣∣∣∣∣1a ·
n′−1∏
m=1

(Am − 1)−1

∣∣∣∣∣∣ .
Thus,

0 <

∣∣∣∣∣∣a · tn
′
· C ·

n′−1∏
m=1

(Am − 1)

∣∣∣∣∣∣ <
∣∣∣∣∣∣
n′−1∏
m=1

(Am − 1) · a · 1
a
·
n′−1∏
m=1

(Am − 1)−1

∣∣∣∣∣∣ = 1.
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This is a contradiction, since it implies that the left-hand side of Eq. (13) is a nonzero integer with
magnitude less than 1. Hence, DA cannot be rational.

The following example illustrates the simplest case, where the similarity to Fourier’s proof is very
visible.

Example 5. The infinite product
1.1 · 1.01 · 1.001 · · ·

is irrational.

Proof. We will use the following equivalence: r ∈ R is irrational if and only if ar /∈ Z for all a ∈ N\{0}.
First, Lemma 4 gives the identity

∞∑
n=0

n∏
m=1

(10m − 1)
−1

= 1 +
1

9
+

1

9 · 99
+

1

9 · 99 · 999
+ · · · .

Choose any positive integer a, and let k be a sufficiently large positive integer such that a < 10k − 1.
Multiplying the preceding identity by a

∏k
i=1(10

i − 1), we obtain

a

k∏
i=1

(10i − 1)

(
1 +

1

9
+

1

9 · 99
+ · · ·

)
= a

k∏
i=1

(10i − 1)

(
1 +

1

9
+ · · ·+ 1

9 · 99 · · · (10k − 1)

)
+ a

(
1

10k+1 − 1
+

1

(10k+1 − 1)(10k+2 − 1)
+ · · ·

)
.

The first term on the right-hand side of the preceding equation is an integer. It remains to show that
the second term lies strictly between 0 and 1. Using a geometric series estimate, for every such k, we
have

0 <
1

10k+1 − 1
+

1

(10k+1 − 1)(10k+2 − 1)
+ · · ·

<

∞∑
i=1

1

(10k+1 − 1)i
=

1

10k+1 − 2
<

1

10k − 1
<

1

a
.

Therefore,

0 < a

(
1

10k+1 − 1
+

1

(10k+1 − 1)(10k+2 − 1)
+ · · ·

)
< 1.

Thus, for all positive integers a, the number a(1.1 · 1.01 · 1.001 · · · ) /∈ Z. By the equivalence mentioned
above, this proves that 1.1 · 1.01 · 1.001 · · · is irrational.

The following example illustrates the paper’s title.

Example 6. The infinite product
0.8 · 0.98 · 0.998 · · ·

is irrational.

Proof. We use the same strategy as in Example 5. First, Lemma 4 gives the identity

∞∑
n=0

(−2)n
n∏

m=1

(10m − 1)−1 = 1− 2

9
+

22

9 · 99
− 23

9 · 99 · 999
+ · · · .

Choose any positive integer a, and let k be a sufficiently large positive integer such that a < (10k−1)/2k.
Define

Bk :=
(−2)k+2

(10k+1 − 1)(10k+2 − 1)
+

(−2)k+3

(10k+1 − 1)(10k+2 − 1)(10k+3 − 1)
+ · · · .
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Multiplying the preceding identity by a
∏k

i=1(10
i − 1), we obtain

a

k∏
i=1

(10i − 1)

(
1− 2

9
+

22

9 · 99
− · · ·

)
= a

k∏
i=1

(10i − 1)

(
1− 2

9
+

22

9 · 99
− · · ·+ (−2)k

9 · 99 · · · (10k − 1)

)
+ a

(
(−2)k+1

10k+1 − 1
+Bk

)
.

The first term on the right-hand side of the preceding equation is an integer. It remains to show
that the second term has absolute value strictly between 0 and 1. Using the triangle inequality and a
geometric series estimate, for every such k, we obtain

|Bk| =
∣∣∣∣ (−2)k+2

(10k+1 − 1)(10k+2 − 1)
+

(−2)k+3

(10k+1 − 1)(10k+2 − 1)(10k+3 − 1)
· · ·
∣∣∣∣

<
2k+2

(10k+1 − 1)(10k+2 − 1)
+

2k+3

(10k+1 − 1)(10k+2 − 1)(10k+3 − 1)
· · ·

<
2k+1

10k+1 − 1

∞∑
i=1

(
2

10k+1 − 1

)i

=
2k+1

10k+1 − 1

2

10k+1 − 3
<

2k+1

10k+1 − 1
.

From this, it follows that

0 <

∣∣∣∣ (−2)k+1

10k+1 − 1
+Bk

∣∣∣∣ .
Using a similar estimate, we obtain∣∣∣∣ (−2)k+1

10k+1 − 1
+Bk

∣∣∣∣ = ∣∣∣∣ (−2)k+1

(10k+1 − 1)
+

(−2)k+2

(10k+1 − 1)(10k+2 − 1)
+ · · ·

∣∣∣∣
<

2k+1

(10k+1 − 1)
+

2k+2

(10k+1 − 1)(10k+2 − 1)
+ · · ·

< 2k
∞∑
i=1

(
2

10k+1 − 1

)i

<
2k

10k − 1
<

1

a
.

Combining these two estimates, we conclude that

0 <

∣∣∣∣a( (−2)k+1

10k+1 − 1
+Bk

)∣∣∣∣ < 1.

Thus, for every positive integer a, the number a(0.8 · 0.98 · 0.998 · · · ) /∈ Z. Hence, 0.8 · 0.98 · 0.998 · · ·
is irrational.

Consequences
Here, we present three related identities.

First Consequence

In this proposition, we derive a general expression for the infinite product
∞∏
i=1

(
1 + r/Ai

)n
as an infinite sum, where r,A ∈ R\{0}, |A| > 1, and n ∈ N. Since this is effectively a power-series
expansion of an infinite product, one might expect the resulting expression to be unwieldy. We include
the result because the solution simplifies surprisingly well through combinatorial arguments.
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Proposition 7. Fix n ∈ N. Let A ∈ R with |A| > 1. Let ai : Z → R be the sequence defined by the
recurrence

ai =

n∑
k=1

(
n

k

)
ai−k

Ai − 1
, a0 = 1 and ai = 0 for all i < 0.

Then the power series

F (r) =

∞∑
i=0

air
i

is absolutely convergent and has infinite radius of convergence. Furthermore, the following identity
holds:

F (r) =

∞∏
i=1

(
1 +

r

Ai

)n
. (14)

Proof. We first show that F (r) is absolutely convergent and has an infinite radius of convergence. Let
R = |r| > 0, and define ui := |ai|Ri, where ui = 0 for i < 0. By the recurrence defining ai, we obtain

ui ≤
1

|Ai − 1|

n∑
k=1

(
n

k

)
Rkui−k.

Define
C := (R+ 1)n − 1.

Since R > 0, we have

n∑
k=1

(
n

k

)
Rkui−k ≤

(
n∑

k′=1

(
n

k′

)
Rk′

)(
n∑

k=1

ui−k

)
= C

n∑
k=1

ui−k.

There exists integer N such that
C

|Ai − 1|
<

1

2n

for all i ≥ N , since C is independent of i. Define

SM :=

M∑
i=N

ui.

Then

SM ≤ 1

2n

M∑
i=N

n∑
k=1

ui−k.

Each ui with N ≤ i ≤ M appears at most n times, so that part of the sum is bounded above by
1
2

∑M
i=N ui =

1
2SM . For terms ui with index below N , define

C ′ :=
1

2

N−1∑
i=N−n

ui.

The contribution from indices less than N is independent of M , so C ′ is constant with respect to M .
Thus,

SM ≤ 1

2
SM + C ′,

and hence
SM ≤ 2C ′.

Since this inequality holds for all M , and since
∑N

i=0 ui is finite,

|F (r)| ≤
∞∑
i=0

|airi| =
∞∑
i=0

ui
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converges absolutely. Since R was arbitrary, the radius of convergence is infinite.
We proceed to prove the identity from Eq. (14). By the definition of ai, we obtain:

ai =

n∑
k=1

(
n

k

)
ai−k

Ai − 1
=

n∑
k=1

(
n

k

)
A−i

1−A−i
ai−k.

It follows that

ai −A−iai = A−i
n∑

k=1

(
n

k

)
ai−k,

and hence

ai = A−iai +A−i
n∑

k=1

(
n

k

)
ai−k = A−i

n∑
k=0

(
n

k

)
ai−k.

Note that

F
( r

A

)
=

∞∑
i=0

ai

( r

A

)i
,

and
∞∑
i=0

ai−k

( r

A

)i−k

=

∞∑
i=0

ai

( r

A

)i
= F

( r

A

)
,

since ai−k = 0 whenever k > i. Thus,

F (r) =

∞∑
i=0

riA−i
n∑

k=0

(
n

k

)
ai−k = F

( r

A

)
+

∞∑
i=0

riA−i
n∑

k=1

(
n

k

)
ai−k

= F
( r

A

)
+

n∑
k=1

(
n

k

)( r

A

)k ∞∑
i=0

ai−k

( r

A

)i−k

= F
( r

A

)
+ F

( r

A

) n∑
k=1

(
n

k

)( r

A

)k
= F

( r

A

) n∑
k=0

(
n

k

)( r

A

)k
= F

( r

A

)(
1 +

r

A

)n
.

Therefore,
F
( r

Ai

)
=
(
1 +

r

Ai

)n
F
( r

Ai+1

)
.

Iterating this identity gives
∞∑
i=0

air
i = F (r) =

∞∏
i=1

(
1 +

r

Ai

)n
.

Second Consequence

Consider f : N → R such that
∑

n∈N f(n) is absolutely convergent. In this proposition, we express the
infinite product

∞∏
n=1

(1 + f(n))

as a series whose terms are determined recursively by the power sums of f(n). This recurrence is an
infinite-variable analog of the Newton-Girard identities relating elementary symmetric functions and
power sums [6, 7]. Since the expression simplifies inductively to a relatively compact recurrence, we
include the proof.
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Proposition 8. Let f : N → R. If
∞∑

n=1

f(n)

converges absolutely, then the following identity holds:

∞∏
n=1

(1 + f(n)) =

∞∑
n=0

An,

where A0 = 1, and for all k ≥ 1,

Ak := −1

k

k−1∑
i=0

Ai

∞∑
j=1

(−f(j))k−i. (15)

Proof. By Lemma 3, we rewrite the product as

∞∏
n=1

(1 + f(n)) = 1 +

∞∑
n=1

 ∑
1≤j1<···<jn

f(j1) · · · f(jn)

 . (16)

It remains to identify the parenthesized expression in (16) with Ak. To this end, define

Ãk :=
∑

1≤j1<···<jk

f(j1) · · · f(jk). (17)

First, we verify the base case A1 = Ã1. Indeed, by the definition of Ã1, we obtain

Ã1 =
∑
1≤j1

f(j1) =

∞∑
j=1

f(j) =
1

1

0∑
i=0

A0

∞∑
j=1

(f(j))1−i = A1.

Second, we present the following relation:

∑
1≤j
j ̸=i

f(j) =

∑
1≤j

f(j)

− f(i) = A1 − f(i).

We will proceed by induction. Let all k′ < k satisfy Ãk′ = Ak′ , and let k ≥ 2. It follows:

Ãk :=
∑

1≤j1<···<jk

f(j1) · · · f(jk) =
∑
1≤j1

f(j1)
∑

j1<j2<···<jk

f(j2) · · · f(jk).

By relabeling j1 by i, and shifting all indices of j down by 1, we obtain

Ãk =

∞∑
i=1

f(i)
∑

i<j1<···<jk−1

f(j1) · · · f(jk−1)

=
1

k

∞∑
i=1

f(i)
∑

1≤j1<···<jk−1

j1,...,jk−1 ̸=i

f(j1) · · · f(jk−1)
(18)

In the above equation, we used the following argument: when we restrict the indices by the con-
dition ℓ < j1 < · · · < jk−1, the term f(ℓ)f(j1)f(j2) · · · f(jk−1) appears exactly once in the first
sum for each ℓ ∈ N. But when we allow the indices j1, · · · , jk−1 to be smaller than i, the term
f(ℓ)f(j1)f(j2) · · · f(jk−1) appear k times in the second sum. For instance, the term appears when
i = ℓ and ℓ < j1 < · · · < jk−1, or when i = j1 and j1 < ℓ < · · · < jk−1, and similarly for the
remaining choices of i. To summarize, in the first sum, we add over the ordered set of k indices. In
the second sum, we add over the same set, but in an unordered way, once for each possible choice of
the distinguished index i. In that case, each product is counted exactly k times.
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From Eq. (18), and by an index counting argument, we obtain that∑
1≤j1<···<jk−1

j1,...,jk−1 ̸=i

f(j1) · · · f(jk−1) =
∑

1≤j1<···<jk−1

(
f(j1) · · · f(jk−1)

)
−f(i)

∑
1≤j′1<···<j′k−2

j′1,...,j
′
k−2 ̸=i

(
f(j′1) · · · f(j′k−2)

)

Using the above equation, Eq. (17) and the inductive hypothesis Ai = Ãi for i < k, we obtain

Ãk =
1

k

∞∑
i=1

f(i)

 ∑
1≤j1<···<jk−1

(
f(j1) · · · f(jk−1)

)
− f(i)

∑
1≤j′1<···<j′k−2

j′1,...,j
′
k−2 ̸=i

(
f(j′1) · · · f(j′k−2)

)

=
1

k

∞∑
i=1

f(i)

Ak−1 − f(i)
∑

1≤j1<···<jk−2

j1,...,jk−2 ̸=i

(
f(j1) · · · f(jk−2)

) .

We see that the above equation contains the exact same sum as seen in Eq. (18), except the index is
one short. Thus, the argument is repeated inductively, from where it follows that

Ãk =
1

k

∞∑
i=1

f(i)

Ak−1 − f(i)

Ak−2 − f(i)
∑

1≤j1<···<jk−3

j1,...,jk−3 ̸=i

(
f(j1) · · · f(jk−3)

)


= −1

k

∞∑
i=1

−f(i)Ak−1 +Ak−2(−f(i))2 + (−f(i))3
∑

1≤j1<···<jk−3

j1,...,jk−3 ̸=i

(
f(j1) · · · f(jk−3)

)
By repeating this process k − 1 times, we conclude the following:

Ãk = −1

k

k−1∑
i=1

Ai

∞∑
j=1

(−f(j))k−i

+

∞∑
i=1

(−f(i))k

 .

Finally, as A0 = 1, we write:

Ãk = −1

k

k−1∑
i=0

Ai

∞∑
j=1

(−f(j))k−i.

The above expression is Ak by the definition given in Eq. (15). Therefore the relation Ak = Ãk holds
for k ≥ 1, and Proposition 8 follows.

Third Consequence

The goal of this section is to rederive Euler’s pentagonal number theorem in a natural manner from
Lemma 4.

In the following proposition, we will introduce the notation ak! :=
k∏

n=1
an for some given sequence ak,

where we define the empty product a0! := 1. Specifically, we will consider the sequence an := (qn− 1).
Let us also introduce a shorthand notation for the truncated version with a shifted lower bound:

jak! :=
ak!

aj−1!
=

k∏
n=j

an

for integers 1 ≤ j ≤ k, and where jak! = 1 for k < j.
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Note that qk! may be expressed by the standard q-Pochhammer notation (−1)k(q; q)k and jqk! as
(−1)k−j+1(qj ; q)k−j+1 [8]. We will use the notation introduced above for compactness and clarity in
the following proof.

Proposition 9. Lemma 4 recovers Euler’s pentagonal number theorem for the special case r = −1.
More precisely, if q ∈ R is such that 1 < |q| then

Dq =

∞∑
k=−∞

(−1)k

q(3k2−k)/2
.

Remark 10. Here we will use the notation Dq rather than DA as in Eq. (3) since this is the standard
notation of Euler’s pentagonal number theorem. In the following proof, the notation gets rather dense
because of the formalization. A simplified illustration of the mechanism of the proof is provided in
Remark 11.

Proof. Consider Dq from Eq. (3) for q ∈ R, 1 < |q| and for fixed r = −1. It follows from Lemma 4:

Dq =

∞∑
k=0

(
(−1)k ·

k∏
n=1

(qn − 1)−1

)
.

Consider the function T : Z → Z defined by T (a) := a2−a
2 . It follows from the definition that

T (a) + a =
a2 + a

2
=

(a+ 1)2 − (a+ 1)

2
= T (a+ 1).

Using the notations introduced above, we see that Dq has the form:

Dq = 1 +

∞∑
k=1

(−1)k

qk!
.

We now write Dq as a finite sum plus a remainder. The remainder will be decomposed into the
next two pentagonal terms and a new remainder. For a, k ∈ N, define

aCk :=
(−1)k

aqk! · q(a−1)k+T (a)
.

Thus for a = 1, this gives

Dq = 1 +

∞∑
k=1

1Ck. (19)

Now fix an arbitrary positive integer. We decompose aCk as follows:

aCk =
(−1)k

aqk! · q(a−1)k+T (a)
=

(−1)k

aqk−1! · qak+T (a)
+

(−1)k

aqk! · qak+T (a)
.

If we define aAk and aBk as follows:

aAk :=
(−1)k

aqk−1! · qak+T (a)
, and aBk :=

(−1)k

aqk! · qak+T (a)
,

then the previous decomposition becomes

aCk = aAk + aBk.

Observe that

aBk + aAk+1 =
(−1)k

aqk! · qak+T (a)
− (−1)k

aqk! · qa(k+1)+T (a)

= (−1)k
qa − 1

aqk! · qak+a+T (a)

=
(−1)k

a+1qk! · qak+T (a+1)
= a+1Ck.
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Using this relation, we rewrite the tail sum as follows:

∞∑
k=a

aCk =

∞∑
k=a

(aAk + aBk)

= aAa +

∞∑
k=a

(aBk + aAk+1)

= aAa +

∞∑
k=a

a+1Ck

= aAa + a+1Ca +

∞∑
k=a+1

a+1Ck.

When k = a, the product aq(a−1)! is empty, so it equals 1. Hence

aAa =
(−1)a

aq(a−1)! · qaa+T (a)
=

(−1)a

qa2+T (a)
,

Similarly, the product (a+1)qa! is empty, so

a+1Ca =
(−1)a

qa2+T (a+1)
.

Therefore,
∞∑
k=a

aCk =
(−1)a

qa2+T (a)
+

(−1)a

qa2+T (a+1)
+

∞∑
k=a+1

a+1Ck.

Since the relation holds for all a, we substitute it into Eq. (19):

Dq = 1 +

∞∑
k=1

1Ck = 1 +

a−1∑
k=1

(
(−1)k

qk2+T (k)
+

(−1)k

qk2+T (k+1)

)
+

∞∑
k=a

aCk.

Remark 11. The notation above is mainly bookkeeping for a relatively simple rewriting. The first few
rewritings (indexed by a in the above notation) follow this schematic form:

Dq = 1− 1

(q − 1)
+

1

(q − 1)(q2 − 1)
− 1

(q − 1)(q2 − 1)(q3 − 1)
+

1

(q − 1)(q2 − 1)(q3 − 1)(q4 − 1)
− · · ·

= 1− 1

q
− 1

q2
+

1

q3
1

(q2 − 1)
− 1

q4
1

(q2 − 1)(q3 − 1)
+

1

q5
1

(q2 − 1)(q3 − 1)(q4 − 1)
− · · ·

= 1− 1

q
− 1

q2
+

1

q3+2
+

1

q4+3
− 1

q5+4

1

(q3 − 1)
+

1

q6+5

1

(q3 − 1)(q4 − 1)
− · · ·

= 1− 1

q
− 1

q2
+

1

q3+2
+

1

q4+3
− 1

q5+4+3
− 1

q6+5+4
+

1

q7+6+5

1

(q4 − 1)
− · · ·

⇒1− 1

q
− 1

q2
+

1

q5
+

1

q7
− 1

q12
− 1

q15
+

1

q22
+

1

q26
− · · · .

We see the pentagonal numbers naturally emerge as consecutive sums:

1, 2; 3 + 2, 4 + 3; 5 + 4 + 3, 6 + 5 + 4; · · · .

When split into 1, 5, 12, 22, . . . and 2, 7, 15, 26, . . . we get the terms in the sequence (3k2 − k)/2 for
positive and negative indexes respectively. We will proceed by formally proving that the remainder
converges to 0 as a approaches ∞.

Consider

lim
a→∞

∞∑
k=a

aCk = lim
a→∞

∞∑
k=a

(−1)k

aqk! · q(a−1)k+T (a)
.
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We see that
|aCk+1|
|aCk|

=
1

|(qk+1 − 1) · qa−1|
.

Given that k ≥ a and |q| > 1, we let a be sufficiently large such that |qk+1 − 1| > 1
2 |q|

k+1 ≥ 1
2 |q|

a+1

and 2
|q|2a < 1

2 . In such a case,

|aCk+1|
|aCk|

=
1

|(qk+1 − 1) · qa−1|
<

2

|q|a+1 · |q|a−1
=

2

|q|2a
<

1

2
.

The infinite sum is bounded by a geometric series with ratio 1
2 :∣∣∣∣∣

∞∑
k=a

aCk

∣∣∣∣∣ ≤
∞∑
k=a

|aCk| ≤ 2|aCa|.

As |aCa| =
(
|qa − 1| · |q|(3a2−3a)/2

)−1

≤ 2|q|−(3a2−a)/2, the limit is thus bounded

lim
a→∞

∣∣∣∣∣
∞∑
k=a

aCk

∣∣∣∣∣ ≤ lim
a→∞

4|q|−(3a2−a)/2 → 0

for sufficiently large a, which guarantees the remainder converges to 0 as the terms in the preceding
sum increases.

It follows that:

Dq = 1 +

∞∑
k=1

(
(−1)k

qk2+T (k)
+

(−1)k

qk2+T (k+1)

)
= 1 +

∞∑
k=1

(
(−1)k

q(3k2−k)/2
+

(−1)k

q(3k2+k)/2

)

=

∞∑
k=−∞

(−1)k

q(3k2−k)/2
.
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